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Minimum Energy Control of 
an S-CVT Equipped Power Transmission 

J u n g y u n  K i m *  

School o f  Mechanical and Aerospace Engineerhlg, Seoul National University, 

Seoul 151- 742, Korea 

This article deals with a minimum energy control law of S-CVT connected to a dc motor. The 

S-CVT can smoothly transit between the forward, neutral, and reverse states without any brakes 

or clutches, and its compact and simple design and its relatively simple control make it 

particularly effective for mechanical systems in which excessively large torques are not required. 

And such an S-CVT equipped power transmission has the advantage of being able to operate 

the power sources in their regions of maximum efficiency, thereby improving the energy 

efficiency of the transmission system. The S-CVT was intended to primarily for use in small 

power capacity transmissions, thus a dc motor was considered here as the power source. We first 

review the structure and operating principles of  the S-CVT, including experimental results of its 

performance. And then we describe a minimum energy control law of S-CVT connected to a dc 

motor. To do this, we describe the results of an analysis of the dynamics of an S-CVT equipped 

power transmission and the power efficiency of a DC motor. The minimum energy control 

design is carried out via B-spline parameterization. And we show numerical results obtained 

from simulations illustrate the validity of our minimum energy control design, benchmarked 

with a computed torque control algorithm for S-CVT. 

Key Words : Minimum Energy Control, S-CVT, B-Spline Parameterization, Computed Torque 

Control 

1. Introduction 

Continuously variable transmissions (CVTs) 

have been the object of considerable research 

interest within the mechanical design community, 

driven primarily by automotive applications. Un- 

like conventional stepped transmissions, a CVT 

allows for a continuous range of gear ratios that 

can, up to certain device-dependent physical 

limits, be selected independently of  the applied 

torque. Among the various advantages of a CVT, 

the most prominent is its ability to run the power 
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source at the power efficient regime. Furthermore, 

in most power sources such as internal combus- 

tion engines and electric motors, optimal effi- 

ciency lies at a certain operating point. 

Therefore, many control engineers have been 

endeavoring to find an effective way of control- 

ling a CVT's gear ratio to maintain the power 

source at the most efficient point and realize shif- 

ting commands in the desired manner (Takahashi, 

1998; Heera and Hyunsoo, 2002). Optimal con- 

trol of a CVT equipped power transmission is 

then defined as the problem of finding a gear 

ratio which can minimize the energy consumption 

of the power source without any losses in output 

performance. Hence, in order to design a mini- 

mum energy control law for a CVT, one must first 

investigate the efficiency characteristics of the 

power source as well as define the target per- 

tbrmance. Driven mainly by automotive engi- 
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neers, various control approaches have been tried 

and realized. There are two major issues in 

controlling CVTs to achieve efficiency and per- 

formance objectives: power source consolidated 

control, and establishing the shifting map (the 

variogram), which is a look-up table of the speed 

relations between the power source and output. 

In a previous study (Jungyun et al., 2002), we 

reported a novel CVT element, the spherical CVT 

(S-CVT) together with a kinematic and dynamic 

analysis of the device. The S-CVT has a simple 

kinematic structure, infinitely variable transmissi- 

on (IVT) characteristics, and transmits power via 

dry rolling friction on the contact points between 

a sphere and discs. Its compact and simple design 

and relatively simple control make it particularly 

effective for mechanical systems in which excessi- 

vely large torques are not required. The S-CVT is 

intended for use in small power capacity power 

transmissions; thus a d c  motor is considered as 

the power source in this study. 

In this paper, we present a minimum energy 

control law for the S-CVT connected to a dc 

motor. Section 2 briefly reviews the design and 

operating principles of the S-CVT together with 

experimental results of its performance. In Sec- 

tion 3 we describe the equations of motion lbr the 

S-CVT equipped power transmission. 

In addition, we investigate the general power 

efficiency characteristics of a dc motor using the 

well-known dc motor dynamic equations. Section 

4 deals with the minimum energy control design 

via a B-spline parameterization of the trajec- 

tories. Finally we show some numerical results of 

energy savings using the proposed minimum en- 

ergy control law. For benchmarking purpose, a 

computed torque control algorithm for the S- 

CVT is proposed taking into account the equa- 

tions of motion of the S-CVT equipped power 

transmission system and an ideal motor model• 

2. Spherical CVT 

In this section a spherical continuously variable 

transmission (S-CVT) is described. The S-CVT 

is marked by its simple kinematic design and IVT 

characteristics, i.e., the ability to transit smoothly 

between the forward, neutral, and reverse states 

without the need lbr any brakes or clutches. 

2.1 S t r u c t u r e  a n d  o p e r a t i n g  p r i n c i p l e s  

The S-CVT is composed of three pairs of input 

and output discs, variators, and a sphere (see Fig. 

I). The input discs are connected to the power 

source, e.g., an engine or an electric motor, while 

the output discs are connected to the output 

shafts. The sphere transmits power from the input 

discs to the output discs via rolling resistance 

between the discs and the sphere. The variators, 

which are connected to the shifting controller, 

¢ 

L . . %" 

• v '  

t i 
i . . . .  

t 

" . 4  a & .  ~ ,  . b e  

(a) Standard structure of S-CVT 

Fig.  I Spherical CVT 

(b) 3-dimensional view 
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are in contact with the sphere like the discs, and 

constrain the direction of rotation of the sphere 

to be tangent to the rotational axis of the variator. 

To transmit power from the discs to the sphere or 

from the sphere to the discs, a device that supplies 

a normal force to the sphere, such as a spring or 

hydraulic actuator, must be installed on each 

shaft. 

By varying the axis of rotation of the sphere, it 

is in turn possible to vary the radius of rotation of 

the contact point between the input disc and the 

sphere, R;, as well as the radius of rotation of the 

contact point between the output disc and the 

sphere, Ro (see Figure 2). In this way the speed- 

torque ratio of the S-CVT can be adjusted. Fig- 

ure 2 shows the various alignments of the variator 

for the forward, neutral, and reverse states of the 

output shaft of the S-CVT. The neutral state, 

which corresponds to zero rotation of the output 

disc, is achieved when R o  becomes zero. As ap- 

parent from the figure, the forward, neutral, and 

reverse states can all be achieved by smoothly 

manipulating the variator alignment, without the 

need for any additional clutches or brakes. 

Assuming roll contact without slip, the speed 

and torque ratio between the input and output 

discs is related to the variator angle by the fol- 

lowing relations : 

Wout _ ri tan 0 (1) 
wm Yo 

Tout _ 7"0 
cot 0 (2) 

Tm r~ 

where 0 is the angular displacement of the varia- 

tor, coin and COout are the respective angular veloc- 

ities of the input and output shafts, T~, and Tout 

are the respective input and output torques, and 

ri and ro are the respective radii of the contact 

points of the input and output discs (see Fig. 2). 

2.2 Experimental results 
In order to validate the operating principles 

and performance of the S-CVT, we have built a 

prototype and testbench for it (see Figure 3). 

Two eddy-current type AC servo motors (input : 

3-phase A C ,  122 V, 9 A ;  output:  1500 Watts;  

rated speed: 2000 rpm) are used for a driving 

UPPER VIEW 

r~ ~ I  d~¢ t= ~pul dhc ot ~ ~ ~ u l  d~,¢ 

ISOMETRIC VIEW 

OPPOSITE ROTATIONAL DIRECTION NO OUTPUT ROTATION SAME ROTATIONAL DIRECTION 

Fig. 2 Operating principles of S-CVT 
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power source and a driven load generator. In the 

testbench (see Fig. 3 (b) ) ,  the variator angle is 

controlled by a dc stepped motor with an angular 

resolution of O.024°/pulse. The rotational speeds 

of the input and output shafts are measured 

through incremental optical encoders attached to 

the shafts (see more details in Jungyun et al., 

2 0 0 2 ) .  

A s t e a d y - s t a t e  s p e e d  r a t i o  c u r v e  o f  t h e  S - C V T  

is  e x t r a c t e d  f o r  t h e  n o - l o a d  c o n d i t i o n ,  w h e n  t h e  

i n p u t  s p e e d  is  set  r e s p e c t i v e l y  t o  7 4 8 ,  1 5 0 2 ,  a n d  

2 0 0 1  r p m  ( see  F i g .  4 ( a ) ) .  A n d  u s i n g  s l i p - r i n g  

t y p e  t o r q u e  s e n s o r s ,  w e  h a v e  a l s o  o b s e r v e d  t h e  

output torque together with the variator angle 

displacement by adjusting input/output  torque to 

realize the pre-obtained steady state speed ratio 

(see Figure 4(b) ) .  The actual torque ratio is 

limited to under 20, which is determined mainly 

by the static coefficient of friction and the exerted 

normal force. 

3. S-CVT Equipped Power 
Transmission 

Because the S-CVT transmits power via rolling 

resistance between metal on metal, it has limita- 

tions on the overall transmitted torque, which is 

effectively determined by the static coefficient of 

friction and the magnitude of the normal forces 

applied to the sphere. Due to this torque limita- 

tion, target applications for the S-CVT include 

mobile robots, household electric appliances, 

(a) S-CVT prototype (b) Test bench of S-CVT 

Fig. 3 S-CVT and its test bench 
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small-scale machine tools, and other applications 

with moderate power transmission requirements. 

Thus a DC motor was considered here as the 

power source. 

DC motors are designed to be very efficient at 

their rated speeds, and it is now generally beli- 

eved that there is very little room for improvement 

in terms of hardware performance. With recent 

advances in power electronics, the motor drivers 

that supply the input voltage or current are also 

now extremely efficient, compared to previously 

used analog drivers, enough to be used as variable 

speed drives (Werner, 1996; Kassankian et ai., 

1991). In addition, dc motor optimal control algo- 

rithms that take into account the load and other 

operating characteristics have been developed 

(Tadashi. 1990; Parviz and Wils, 1994), further 

reducing overall power consumption. 

3.1 Equations of  motion 

We now consider a general armature-control- 

led dc motor as shown in Figure 5, in which the 

field current is held constant. We adopt the fol- 

lowing nomenclature : 

R,~=armature resistance [ohm] 

La---armature inductance henry] 

ia=armature current [ampere] 

/ :=f ie ld  current {ampere] 

e~=applied armature voltage [volt] 

eb=back-emf  (electromotive force) [volt] 

cou=angular velocity of the motor [rad/sec] 

Coo=angular velocity of the CVT output shaft 

[rad/sec] 

I~q =equivalent moment of inertia of the motor 

and load referred to the motor shaft [kg- 
m 2 ] 

T u = m o t o r  torque IN.m]  

Tto~a=load torque IN.m]  

Then the circuit equation is 

dia 
La d i -  + Rat,, + eb = e~ (3) 

The induced voltage eb is directly proportional to 
the speed of the motor wM, or 

e b :  k~wu (4) 

; : i .2". ,,". 

! 
; : [: 

I: 
o c m o  . . . .  ,L 

Fig. 5 Diagram of'an armature-controlled dc motor 

where ke is a back emf constant. The motor 

torque TM is directly proportional to the armature 
c u r r e n t  : 

rim =kia  (5) 

where k is a motor-torque constant. 

Referring to Figure 5. we consider an S-CVT 

equipped power transmission. Using a gear train 

including CVTs at the motor shaft has the effect 

of reducing not only the load torque by the gear 

ratio, but also the equivalent inertia by a square 

of the gear ratio; the motor dynamic equation 

becomes 

Ieq dcou _ "7" T,o=a 1 
a 2 dt  - - I M  a ' co°=WMa (6) 

where a represents the reduction gear ratio. In the 

case of the S-CVT, however, ff is replaced by the 

torque ratio of the S-CVT, i.e., a = c o t  0, so that 

the motor dynamic equation becomes 

Lq tan 2 0 dfftu= T u -  T,o~ tan O, ~0o=~0M tan 0 (7) 

Assuming that the armature inductance La in the 

circuit is small enough to neglect, we obtain the 

following equation from (3): 

Raia + eb = ea 

thus the motor torque can be written as 

TM = k ( e~ - kecou) (8) 
R ,  

Finally, the differential equation for the speed of 

the output shaft Wo (7) becomes 

I, dw~ + kke. 0 = ke~ 
*q dt  Ra Wo cot 2 R~ cot 0 -  TLo~ (9) 

3.2 Power eff ic iency of  a DC motor 

In this subsection, we consider the efficiency 
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characteristics of a general armature-controlled 

dc motor in Figure 5. The torque produced by a 

dc motor is directly proportional to the armature 

current (5); when the equivalent inertia and/or  

the load torque applied at the motor shaft is 

increased, the armature current must also be 

increased. 

Rearranging the above equations and using the 

fact that the value of ke is equal to k, the rela- 

tionship between the mechanical power and the 

electric power is 

TMWM = Cain-- i~ZR~ (10) 

In the above equation, the iaZRa term represents 

the electric power-loss, called the armature- 

winding loss, generally dissipated through heat 

generation. 

From Equation (3), at certain values of the 

armature voltage, decreasing the armature current 

will increase the value of the back-emf and the 

motor speed. Based on these observations, one 

can notice that motors have their highest effi- 

ciency in the low-torque, high-speed region. Fig- 

ure 6 depicts the power efficiency of a general dc 

motor with respect to the motor speed and the 

load torque. As can be seen from the graph, motor 

efficiency is highest in the low-torque, high-speed 

region (indicated in dark blue), with the effi- 

ciency dropping off steeply in other regions. To 

enhance the power efficiency of a d c  motor, it is 

clearly advantageous to operate it in this region of 

maximum efficiency. 

** Q 

Fig. 6 
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Efficicncy of an armature controllcd dc 

motor 

4. Mi n i mum Energy Control  via a 

B-Sp l ine  Pa r a me t e r i z a t i o n  

in this section, we describe the minimum ener- 

gy control design via a B-Spline parameteriza- 

tion. The minimum energy control problem of an 

S-CVT equipped power transmission is defined 

as follows : 

Find the optimal control u that 

minimizes J = fo t/i"eadt (11) 

, . kke z, ke 
subject to leq(Oo = -Raa O)oU ± ~  u -  TLo~d 

where u is the gear ratio• i.e., cot 0. The boun- 

dary conditions can be expressed in various forms 

according to the target performance. In this sec- 

tion, we consider the more complicated case of the 

S-CVT application for some position changers, 

e.g. a mobile robot, a vehicle, a positioning table, 

etc. For this case, the boundary conditions are 

given as follows: 

wo(to) = w o ( t : ) = 0 ,  s( to)=0, s ( t : ) = d  

where d is the desired displacement, s ( t )  re- 

presents the displacement profile, and to, t: re- 

present the initial and final times respectively. 

4.1 B-Spline parameterization 
A solution to the above optimal control can be 

found by assuming that the displacement profile 

s ( t )  is parameterized by a B-spline. The B-spline 

curve depends on the basis functions Bi ( t )  and 

the control points P = [ P l ,  " ' ,  Phi with piER. 

The displacement profile then has the form s =  

s ( t , p )  with 

n 

s( t ,  p ) - - ~ B , ( t ) p ,  (12) 
i = l  

Using this formulation (12), coo, 6)0 and u, which 

are functions of t and p, can be written as 

I 0 
wo(t, p ) = r  at  s ( t ,  p) 

&o(t, p)=r 3t 2 s( t ,  p) 

and 
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k e a + ,/-D( t , p) 
u ( t, p) - -  2kkea~o (13) 

where D ( t, p) =k2e~ -4R~kk~oJo (TLo~a--Ieqwo), 
r is the conversion factor from a rotational speed 

into a linear speed (for the cases of mobile robots 

and vehicles this means the wheel radius). The 

control u is determined from Equation (13), but 

an addit ional inequality constraint D(t. P) >0, 
V t ~ [ t 0 .  ts] must also be satisfied. In order to 

satisfy the boundary conditions, we set p~, ~ to 

zero and P~-l, P~ to d. 

Setting the input voltage ea to a constant value, 

the armature current ia can be calculated from 

Equations (7) and (8): 

ea -- keo)oZl 
ia (t,  p) --  R~ 

Hence the original optimal control problem is 

converted into a parameter optimization problem 

as follows : 

minimize ] ( p )  =e~S)'i~(t, p) dt 
(14) 

subject to D( t ,  p) >0 ,  V t ~ [ t 0 ,  ti] 

4.2 Gradients  of  the objective funct ion and 

constraint  

To apply various parameter optimization algo- 

rithms (i.e., steepest descent, modified Newton 

method, quasi-Newton method, penalty method, 

etc.) to this problem (14), we must formulate the 

gradients of  the objective function and constraint 

because almost all optimization algorithms re- 

quire gradients of the objective function and con- 

straint. 

The gradient of the objective function is 

3] f "  Oia 
OPi =./to ~ e.dt 

where the partial derivatives of ia are as follows : 

a.) Oi~ _ ke { OOJo u + COo 
OPi R .  \ ~Pi 

The derivatives of wo are obtained from the fact 
that 

0s 
~Di-=Bi(t) 

Since the constraint in Equation (14) is re- 
presented in the form of  inequality, we can just 

know whether the constraint is effective or in- 

effective. In order to find the gradient of the 

constraint, we now propose the new constraint 
by defining a new function, g(t, p) ,  ~ ( p ) ,  as 

follows : 

=f -D( t ,  p) i f D ( t , p ) < 0  g(t, p) 
t 0 if D ( t ,  p) _>0 

= f o " g  ( t , p) cl t ~(p) 

Figure 7 illustrates the interpretation of ,~(p). 

With these definitions, it is apparent that the 

constraint in Equation (14) is equivalent to the 
following constraint : 

~ ( p )  = 0  

It is difficult to solve this constraint analytically ; 

however the gradient is well defined, o~(p) can be 
redefined as 

where D(t, p ) < 0  for Vt~[a~, ,8,] and D(a~, 
P) = D ( , s i ,  p ) = 0 .  The gradient of ~ ( p )  can be 
defined as follows: 

a,~_ 0 P' 
~ i - ~ N ~ ,  -D( t ,p )d t  

Op< ' ~Pi / 

=~f~;, OD(t,p)op~ dt 

P 

' ! 

' I 

Fig. 7 Interpertation of ~(p) 



Minimum Energy Control of an S-C VT Equipped Power Transmission 89 

The gradient is now rewritten as follows: 

a D ( t ,  p) if D(t, p) < 0  
cgg= OPi 15) 

Op~ 0 if D(t, p) > 0  

Og(p) _ f , ,  ag(t, p) 
16) ap, J,o ap, 

Because it is difficult to find a~, flj. for a given 

p, we can alternatively use Equation (16) to 

numerically calculate the gradient of the con- 

straint. 

5. Energy Savings Using Optimal 
Control 

We determine by simulation the power con- 

sumption for a minimum energy control and a 

comparative control. To benchmark the optimal 

control, we first design a control based on the 
computed torque control method which is used 

widely in robotics and other engineering fields. 

The computed torque control compensates for 

tracking errors by using feedback information 

about the differences between the predefined ob- 

jective trajectories of position, speed, acceleration 

and the estimated actual trajectories. 

From the given output speed profile Cvo(t), 
the computed motor torque Ztd is calculated using 

Equation (8) and the relation of  coo between coM : 

T M = ~  (ea-k,coo cot O) 

This motor torque must be balanced by the torque 

due to the equivalent inertia and the load (7), 

i.e., 

k ( ea-kecoo cot O ) =( leq ~ - k  Tto~a ) tan O Ra 

Rearranging the above equation yields 

kkeRa Wo cot2 0-k~a cot O+Ieq d ~ +  T,o~=O (17) 

Hence the variator angle profile can be obtained 

by solving the second-order polynomial Equation 

(17). The comparative control is designed to 

manipulate the output speed in a sinusoidal fash- 

ion, satisfying the boundary conditions. To satisfy 

the boundary conditions the displacement profile 

is described as follows: 

t t ) 

From this relation, COo, 6)o are derived by dif- 

ferentiation, and the control u is obtained from 

Equation (17). We assign the final time tj  to be 

5 seconds, and the desired displacement d to be 

8 meters. For the numerical investigation, we 

assign a load torque TLoaa of 0.07 Nm, and an 

equivalent inertia with respect to the input shaft 

Ieq of 0.01 kgm 2 ; for these values, the stall torque 

is calculated to be 1.6 Nm. We therefore choose a 

dc motor with a power rating of 60 Watts (see 

Table 1 for the detailed specifications of the dc 

motor).  

Based on the mathematical models, we have 

developed a simulation program with MATLAB. 

This program uses Simpson's rule for integration 

and the BFGS quasi-Newton method for opti- 

mization. Figure 8 depicts the corresponding 

variator angle time trajectories which are directly 

related with the controls for each case. In this 

figure, the optimized variator angle is much flatter 

than in the case of  the computed torque control. 

The resulting motor speed and torque are cal- 

culated in Figure 9 As can be seen in Figure 9, in 

the minimum energy control case the variation of  

the motor speed is smaller and the motor torque 

Table 2 Characteristic coefficients of dc motor 

Rated voltage 12 Volts 

Motor-torque constant 0.0272 N.m/A 

Back emf constant 0.0272 volt.sec/rad 

Rotor winding resistance 0.48 Ohm 

,o 

0 

o . . . . . . . . .  

! f  ~ % 
- O ~l, 

;7 \ g  ;¢ %- 

¢ / ----0- Optimal control I ~ '  

0 

Fig. 8 
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time [sec] 

Optimal variator angle time profile 
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is closer to zero compared to the other controller. 

Figure 10 shows the output behavior of the S- 

CVT equipped power transmission. From this 

figure, one can see that the minimum energy con- 

troller accelerates the output faster than the com- 

puted torque control. 

The consumed energy for each case is cal- 

culated using the above results and the relation 

Energy= f l eo(t) × ia(t) l dt 

We regard negative values of current and voltage 

as part of the overall consumed energy. Conse- 

quently, we have calculated the energy consump- 

tion in Table 2. The optimized energy consump- 

Table 2 Energy consumption with the minimum 
energy control 

Minimum energy control Computed torque contro 

43.37 Joules 57.16 Joules __ 

tion is less than that of the other case by almost 

24.1%. 

6. C o n c l u s i o n  

In this paper, we have presented the minimum 

energy control law of S-CVT connected to a dc 

motor. The S-CVT can realize the infinitely vari- 

able transmission characteristics. And its compact 

and simple design and its relatively simple control 

make it particularly effective for mechanical 

systems in which excessively large torques are not 

required. Such S-CVT equipped power transmis- 

sion has the advantage of being able to operate 

the motors in their regions of maximum 

efficiency, thereby improving the energy efficiency 

of the transmission system. 

We first review the structure and operating 

principles of the S-CVT, including experimental 

5000, 
~llll 
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results of its performance. And then using an 
ideal motor model, we carried out a dynamic 
analysis of an S-CVT equipped power transmiss- 
ion system, and described the power efficiency 
characteristics of a DC motor. And we describe a 
minimum energy control law of S-CVT connect- 
ed to a dc motor. The minimum energy control 
design is carried out via B-spline parameteri- 
zation. By parameterizing the displacement pro- 
file in terms of a B-spline, the optimal control 

problem is converted into a parameter optimi- 
zation problem involving the B-spline control 
points. Finally, we present computer simulation 
results using an optimal control law benchmarked 
with a computed torque control algorithm for 
S-CVT to show the effectiveness of the developed 
minimum energy control law. 
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